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What can AI do with this exam?

ENS – Math D 2026
A 6-hour entrance exam.

Probability, analysis,
a sequence of connected arguments.

The request
A complete set of solutions, using
only the French MP
preparatory-class syllabus.
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My use of AIin mathematical research
Math D 2026

Solving Math D with GPT-6

My request, paraphrased
Write complete solutions. Include every question with its original
numbering. Use only tools from the MP syllabus.

27
numbered questions

covered in the document

14
pages of solutions
in LATEX and PDF

≃ 13 min
to produce the files
and run automated

checks

An insufficient assumption in the exam
An insufficient independence assumption in Question 11, identified with
an explicit counterexample.

Run on 7 September 2026: GPT-6 (Astra), via Codex. Open the solutions
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My use of AIin mathematical research
Math D 2026

A counterexample: XOR
Let X1, X2 be independent Bernoulli random variables with parameter
1/2.

X3 = X1 ⊕ X2 = (X1 + X2) (mod 2)

XOR equals 1 exactly when the two bits differ.

X1 X2 X3 Probability

0 0 0 1/4
0 1 1 1/4
1 0 1 1/4
1 1 0 1/4

Problem
X1 is independent of X2, and of X3.
But it is independent of X2 + X3?
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My use of AIin mathematical research
Math D 2026

Pairwise and mutual independence

X2 + X3 =
{

1, if X1 = 1,

0 or 2, if X1 = 0.

The sum determines X1

P(X1 = 1) = 1
2 , P(X1 = 1 | X2 + X3 = 1) = 1.

In Question 11: independence from each variable does not justify the
expected cancellation involving their sum.

The solutions use this counterexample
to identify the missing assumption.
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My use of AIin mathematical research
In my research

My research interests

F-equivalence and stabilization of PDEs
Transform a dynamical system to design a stabilizing control.

Sub-Riemannian geometry and hypoelliptic equations
Move in restricted directions; understand how their interactions can recover
regularity.

Spectral geometry
Relate the geometry of a space to the eigenvalues and eigenfunctions of an
operator.

Mean-field limits and measure differential equations
Pass from many particles to the evolution of a distribution.

I am also starting to explore AI for mathematics.

Source : The four research areas on my homepage.

6 / 20

https://vincentboulard.fr/


My use of AIin mathematical research
In my research

How I use AI

My experience
With AI, I can explore more approaches, extend calculations and get
more critical feedback.

Understand and explore
An example, another approach, a
subproblem.

Check
An objection, an assumption, a
reference.

Compute and generalize
A known case, then a whole family.

Communicate
A text, a figure, a presentation.

Some examples from my work.
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My use of AIin mathematical research
In my research

“I don’t understand this line of the proof”

Let A ∈ GLn(R), with an induced matrix norm. For ∥H∥ ≤ (2
∥∥A−1

∥∥)−1, a
proof states:

The estimate to understand∥∥(A + H)−1 − A−1∥∥ ≤ 2
∥∥A−1∥∥2 ∥H∥ .

What I can ask
Why is A + H invertible? Where does the factor 2 come from? Give me a hint,
without giving the whole proof.

Hint: A + H = A(I + A−1H), then a geometric series.

(A + H)−1 − A−1 = −(A + H)−1HA−1.

8 / 20
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My use of AIin mathematical research
In my research

An example in PDEs: estimating a difference

My goal: bound a difference
For a nonlinear map N : E → F , establish

∥N (u) − N (v)∥F ≤ CR ∥u − v∥E if ∥u∥E , ∥v∥E ≤ R.

Here, E , F are normed spaces of functions.

What I can ask
Here is my argument. Where is an estimate missing? Suggest several
approaches and explain where each gets stuck.
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My use of AIin mathematical research
Organize and check

Models, agents and harnesses

Terminology
Model: the system that produces a response from a context.

Agent: a model connected to tools, able to take successive actions and
inspect their results.

Harness: the software that organizes this work: files, tools, progress
tracking and, coordination between agents.

Read a lemma Test an example Revise the argument
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My use of AIin mathematical research
Organize and check

Skills for checking mathematics

A skill is a set of instructions and resources for a specific task.

Procedure Mathematical question

proof-referee Which step is unjustified?
conjecture-stress-test Which example could disprove the claim?
literature-audit Does the cited theorem actually apply?
manuscript-preflight Are statements, notation and references

consistent?

The expected output
A diagnosis of specific steps: established / unjustified / false / unresolved,
with reasons.

11 / 20
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My use of AIin mathematical research
Organize and check

Numina Studio: checking with multiple agents

Manuscript and specific question

Assumptions
and dependencies

Proofs
and calculations

Examples
and objections

Report to examine and discuss

One possible organization of a review; schematic overview.

Semi-formal checking: structured arguments in mathematical language,
subjected to checks and objections.

A formal proof is different: a proof object checked by an assistant such
as Lean.

Demo: switch to Numina Studio

12 / 20

https://studio.projectnumina.ai/
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My use of AIin mathematical research
Compute and generalize

Generalizing a calculation: the Grushin example
An example from my research: calculations near a degeneracy curve in
a Grushin model.

My starting case

X = ∂x , Y = xex sin y ∂y ,

dν = dx dy .

The requested generalization

X = ∂x , Y = xeϕ(x ,y)∂y ,

dν = ρ(x , y) dx dy .

x ∈ (−ε, ε), y periodic; ρ > 0 weights the volume.
∂x : differentiate in x . Analytic setting, ϕ(0, y) = 0.

Purple: the functions being generalized.

Quasimode: an approximate eigenfunction, Au ≃ λu.

WKB method: build an approximation using a phase and successive
amplitudes.

13 / 20
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My use of AIin mathematical research
Compute and generalize

Allowing a general density

Set q = x2e2ϕ and Au = −Dρu, where

Dρu = 1
ρ

∂x (ρ ∂x u) + 1
ρ

∂y (ρq ∂y u).

Expand using the product rule

Dρu = uxx + q uyy

+ (∂x log ρ)ux

+ q
(
2∂y ϕ + ∂y log ρ

)
uy .

Purple: the extra terms introduced by the density ρ.

My request: extend the calculations, recover the case ρ = 1,
then identify the new equations to solve.
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My use of AIin mathematical research
Scientific communication

Collaboration in mathematics

Average number of authors per publication, by field

3 Collaboration behaviour and subject-based figures

As the comparison of the document and author numbers in Figure 2
shows, there is a discrepancy between the growth of documents
and that of actively publishing mathematicians. Two main effects
can conceivably play a role here – the publication frequency and the
collaborative behaviour. Due to the large number of authors with
very few papers, a detailed analysis of the publication frequency is
highly complicated, especially since it then seems appropriate to
also involve an analysis of the length of the publications in such
a study.

The overall length of publications has actually been decreas-
ing. But this phenomenon is due to the shrinking role of books as
shown in Figure 3. Papers in journals have in fact become longer,
at least in some areas [5]. Further effects here come from the
replacement of printed by fully electronic versions and from dif-
ferent journal policies. Again, this makes a more detailed analysis,
which would also need to involve the journal status, as well as
the area, quite demanding and thus be beyond the scope of this
short note. In other sciences a tendency to split results into small-
est publishable units has been reported. At this stage our data
do not allow us to draw substantiated conclusions on this for
mathematics.

We will, however, see that the changing collaboration be-
haviour is likely to be a major factor in the increased growth of the
number of authors. Historically, mathematical publications were
predominantly single-authored. Recently, this has changed signifi-
cantly, following similar trends in other sciences. Though the overall
effect is strongly driven by application areas, the phenomena are
visible throughout mathematics. For a subject-specific analysis, we
employ the following distribution into mathematical subdomains,
as employed in [10,11]:
• Gen: General Mathematics; History; Foundations. This corre-
sponds to sections 00, 01, 03, 06, 08, and 18 of the Mathe-
matics Subject Classification MSC

• Disc: Discrete Mathematics. Convex Geometry; MSC sections
05, 52

• NTAG: Number Theory. Algebra. Algebraic Geometry. Group
theory; MSC sections 11, 12, 13, 14, 15, 16, 17, 19, 20

• Ana: Real and Complex Analysis; MSC sections 26, 28, 30, 31,
32, 33, 40, 41.

• OpTh: Harmonic and Functional Analysis; Operator Theory;
MSC sections 42, 43, 44, 46, 47.

• DIEq: Differential and Integral equations; MSC sections 34, 35,
37, 39, 45.

• OptCS: Optimization. Numerical Analysis. Computer Science.
Algorithms; MSC sections 49, 65, 68, 90, 93, 94.

• ProbStat: Probability Theory and Statistics. Applications to Eco-
nomics, Biology and Medicine; MSC sections 60, 62, 91, 92.

• TopGeom: Topology and Geometry; MSC sections 22, 51, 53,
54, 57, 58.

• MaPh: Mathematical Physics; MSC sections 70, 74, 76, 78, 80,
81, 82.
The corresponding diagram of the average number of authors

per publication for the calendar years looks as follows:

Gen
TopGeom
DIEq
ProbStat
OptCS
NTAG
Ana
OpTh
MaPh
Disc

0

0.5

1

1.5

2

2.5

3

3.5

4
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Figure 4. Average number of authors for a paper in clusters of ten
mathematical areas

There are significant differences between different clusters.
Examples are given by OptCS (where the average now exceeds 4),
MaPh, or ProbStat (almost 3.5) and TopGeom or NTAG (about 2.2).
In spite of this, however, the overall tendency is clear – collaboration
has significantly increased in all fields. With mathematics being
a very international enterprise, this seems to hold true globally,
although samples indicate that figures may differ geographically;
this may be explained both by area correlation or national science
policies. However, such an analysis would again exceed the space
of this column, and is left for subsequent studies.

Analogously, a breakdown can be made of the actively publish-
ing mathematicians in each field:

MaPh
OptCS
ProbStat
DIEq
Disc
OpTh
Ana
TopGeom
NTAG
Gen

0

50k

100k

150k

200k

250k

1970 1975 1980 1985 1990 1995 2000 2005 2010 2015 2020

Figure 5. Actively publishing persons in ten clusters of mathematical
subjects

There is a small caveat here – actively publishing mathemati-
cians are evaluated separately for each area, so in the cumulative
display, people active in several clusters may appear several times

EMS MAGAZINE (2023) 3

Original curves, zbMATH Open, 1970–2020. Each colour denotes a field: Ana = analysis; DIEq =
differential equations; TopGeom = topology/geometry.

Coauthorship is increasing across all fields, at different rates.

Source : K. Hulek and O. Teschke, EMS Magazine (2023), figure 4.

15 / 20

https://ems.press/content/serial-article-files/28744
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My use of AIin mathematical research
Scientific communication

Mathematics and community

William Thurston

“Mathematics only exists in a living community of
mathematicians that spreads understanding [. . . ]”

Excerpt from a MathOverflow answer, 2010.

An idea needs to be explained, discussed,
understood and used by others.

One perspective: if AI speeds up the production of arguments,
the quality of discussion and explanation will matter even more.

Source : W. Thurston, What’s a mathematician to do?, MathOverflow.

16 / 20

https://mathoverflow.net/a/44213
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My use of AIin mathematical research
Scientific communication

Preparing a scientific presentation

My ideas
and examples

An outline for
this audience

Readable
slides

Questions
to anticipate

• Choose an example that speaks to you.

• Keep my notation, my style and the meaning of the statements.

• Find what is missing to understand a transition.

• Rehearse: “Why this assumption? What happens in an example?”

For you: a talk, a student project, group work, explaining something to a
friend.
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• Keep my notation, my style and the meaning of the statements.
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My use of AIin mathematical research
Examples and discussion

Some example requests

1. Ask for a specific hint
“Give me one hint to estimate (A + H)−1 − A−1.
Then let me continue.”

2. Test an assumption
“Can we choose the same constant on all of R?
Help me find a simple test.”

3. Check my understanding
“Here is my proof. Check it, and find if there is an unjustified step.”

18 / 20
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My use of AIin mathematical research
Examples and discussion

Literature searches

Deep Research: a search in several stages
It explores sources, follows leads and produces a report with references
you can inspect.

What I can ask
I know the Weierstrass approximation theorem. How does it extend to
continuous functions on a compact space? Explain the assumptions of
Stone–Weierstrass, with examples showing why they matter and
references to read.

In my research: find a result with the right assumptions, compare
approaches, prepare an annotated bibliography.
Then: open the papers, locate the statements and check how they apply
to my problem.
Source : Official Deep Research documentation.

19 / 20

https://help.openai.com/en/articles/10500283-deep-research
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My use of AIin mathematical research
Examples and discussion

Conclusion and discussion

Four concrete uses
Explore : find approaches.
Check : examine arguments.
Compute : extend a known case.
Communicate : share understanding.

Open questions
How can we learn with these tools?
What new questions could we tackle?
What role for formal proofs?
How will our collaborations change?

William Thurston
“The product of mathematics is clarity and understanding. Not
theorems, by themselves.”

Understanding what a proof explains, choosing questions,
making connections and sharing ideas are also part of mathematics.

Source : W. Thurston, What’s a mathematician to do?, MathOverflow (2010).
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https://mathoverflow.net/a/44213
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My use of AIin mathematical research
Sources

Sources

• Vincent Boulard: research interests and affiliations.

• Math D 2026: original exam scan; local solutions.
Production logs from 7 September 2026; GPT-6 Astra model.

• Numina Studio: public overview.
Jia Li, demo at IHES, 28 May 2026.

• K. Hulek and O. Teschke : How do mathematicians publish?
EMS Magazine (2023), Figure 4; zbMATH Open data.

• Deep Research: official documentation.

• W. Thurston, MathOverflow answer, 2010.
Further reading: On Proof and Progress in Mathematics, 1994.

Sources

https://vincentboulard.fr/
https://studio.projectnumina.ai/
https://www.carmin.tv/en/collections/3rd-edition-of-mathematics-for-and-by-large-language-models/video/a-demo-of-numina-studio
https://ems.press/content/serial-article-files/28744
https://help.openai.com/en/articles/10500283-deep-research
https://mathoverflow.net/a/44213
https://arxiv.org/abs/math/9404236
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